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Abstract

It was recently published a study based on the Swampland picture of string theory, where
the authors P. Agrawal, G. Obied, P. J. Steinhardt and C. Vafa investigated the implications
of two postulated Swampland criteria for periods of cosmic acceleration showing a strong
tension when considering models with a cosmological constant and imposing tight constraints
on the possible quintessence models. [1] These results were comparable to a study carried
out almost 10 years ago by D. Wesley and P. Steinhardt, whose approach was completely
different and based on a set of assumptions that apply to a wide range of compactified
models. Specifically, they considered models that are described by: Einstein’s theory of
general relativity both in the 4d and higher dimensional theory up to small corrections; a
conformally flat or simply flat Ricci metric; a spatially flat 4d-theory with bounded extra-
dimensions. The key observation of their work is that the accelerated expansion of the large
three spatial dimensions causes the compactified extra-dimensions to vary with time and
thus impact the value of wDE and Ġ in the 4d effective theory, in such a way to make them
inconsistent with observations. [2]

In this paper, I will use the same methodology described in [3] to investigate different
NEC/CRF models based on the updated constraint on Ġ

G

∣∣∣
today

and using the upper bound

on the time-changing wDE as predicted in [1]. Based on the assumptions described above, the
results seem to suggest the impossibility to construct models for theories of extra dimensions
that satisfy both the instantaneous and secular constraints on the variation of G without
having to introduce rather “exotic” terms.

For a compact introduction to General Relativity and some useful relations that I will
use throughout the paper to study the different NEC/CRF models, please refer to app.A.
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1. INTRODUCTION

1 Introduction

Periods of cosmic acceleration play a crucial role in a number of cosmological models. Current
data show that the universe is now undergoing a period of acceleration. The source for this recent
cosmic acceleration takes the name of “dark energy”.

Despite the strong research efforts made in the last decades, the nature and properties of
dark energy are still unknown and constitute one of the biggest mysteries in modern physics. In
sec.1.1 and 1.2, I describe respectively the evidence accumulated and the possible candidates for
this mysterious component that is causing the universe to accelerate.

1.1 The Universe is accelerating: evidence for Dark Energy

Since the first “discovery” of this acceleration in the 1990s, mounting evidence has been
accumulated. In particular, three important pieces of evidence come from distance measurements
of Type Ia supernovae (SNe Ia), the cosmic microwave background (CMB) and studies of the
constraints given by the combination of independent measurements on different cosmological
models. 1

Distance measurements of Type Ia supernovae: The first piece of evidence refers to the
results published independently in 1998 by two research groups (the High-redshift Supernova Sear
[4] and the Supernova Cosmology Project [5]) which studied the relationship between distance
and red-shifts of multiple Type Ia supernovae and came to the same conclusion that the universe
has to be currently experiencing a period of cosmic acceleration.

The relationship between distance and red-shifts of galaxies was at first used by Hubble in
1929 and provided compelling evidence for an expanding universe. In this picture, the red-shift
of electromagnetic waves is simply caused by their travelling through an expanding space which
stretches out their wavelength. The simplest way to measure if this expansion is accelerating or
not is therefore to enlarge this research to higher red-shifts and more distant objects in order to
obtain a correlation of distance to red-shifts over time.2

For this purpose it becomes crucial to measure objects whose absolute luminosity is well
known such that one can measure their relative distance by comparing their observed brightness
with their known luminosity. These classes of objects are called standard candles. The spectral
properties, absolute magnitudes, and light curve shapes of the majority of Type Ia Supernova

1In all of these researches, dark energy was assumed to be the cosmological constant �. Indeed, � constitutes
a gravitationally self-repulsive form of vacuum energy, initially introduced by Einstein in order to obtain a static
model of the universe and balance the attractive action of gravity. This gravitational self-repulsiveness is also a
necessary condition for any dark energy candidate in order to ensure the expansion of the universe to accelerate.
Therefore, it is important to emphasize that when the researches I cited refer to �, they are referring to it as a
possible explanation for the current cosmic acceleration.

2In this context, it is important to emphasize the intrinsic relationship between space and time. Since light
travels at a constant speed c, the light observed from more distant objects was emitted earlier in time and therefore
it provides information about the state of the object in the past, at the time of emission.
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1. INTRODUCTION

Figure 1: Top panel: Hubble diagram for 42 high-redshift type-Ia supernovae from the Supernova Cosmology
Project, and 18 low-redshift ones from the CalÃ¡n/Tololo Supernova Survey. The theoretical predictions for
models with different values of 
m, 
� are also shown. Central panel: magnitude residuals from the best-fit flat
cosmology (
m = 0:28, 
� = 0:72); the inconsistency between the data and a flat model without a cosmological
constant is evident. Bottom panel: uncertainty-normalized residuals from the best-fit flat cosmology Credit: [5]

(SN Ia) are remarkably homogeneous, exhibiting only subtle spectroscopic and photometric dif-
ferences. [6] SN Ia are also incredibly bright, allowing to be detected even at large distances
beyond the local group of galaxies. [4] All these properties combined make Type Ia Supernova a
great candidate as standard candles for studies at large red-shifts.

Fig.1 shows the Hubble diagram for the 42 high-redshift type Ia supernovae from the Su-
pernova Cosmology Project and 18 low-redshift type Ia supernovae from the Supernova Survey,
plotted on a linear redshift scale to display details at high redshift. The lower rate of increase of
relative distances at higher redshifts is evident. This implies that the rate of the expansion must
have been smaller in the past compared to the present and that therefore we are now undergoing
a period of cosmic acceleration. Based on these data, Perlmutter et al. were indeed able to
conclude that Ω� > 0 with a 99% confidence level and that, assuming a flat universe, the density
of non relativistic matter was constrained to Ωm = 0.28+0:09

�0:08. [5]

The Cosmic Microwave Background The CMB represents the thermal radiation leftover
from the separation of matter and radiation following the Big Bang. Before that moment, the
universe was filled with a hot plasma of charged particles and photons in thermal equilibrium.
As the universe expanded, the temperature and energies of the particles decreased and when
the energy density of the plasma dropped under the hydrogen ionization energy, protons and
electrons combined to form neutral hydrogen atoms. This led to the decoupling of photons from
matter, which were finally free to propagate instead of being constantly scattered by electrons
and protons in plasma. These relic photons form the CMB as it is observed today. Indeed, the
wavelength of these photons increased over time, due to the expansion of the universe, into the
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1. INTRODUCTION

Figure 2: Planck 2018 temperature power spectrum. A characteristic feature of this spectrum is the position of
the first acoustic peak at l0 = 220:6� 0:6 which corresponds exactly to a spatially flat universe. Credit: [8]

microwave region with an average temperature equivalent to � 2.7K. The temperature map of
the CMB (fig. 2) as determined by the Planck mission is very uniform and presents small spatial
temperature anisotropies, whose relative amplitude is in the range of 1 part in 105. [7]

The study of the distribution and intensity of such anisotropies provides tight constraints
on the cosmological parameters and is mainly carried out by the studying of the CMB power
spectrum, a plot of the fluctuations in the CMB temperature spectrum at different angular scales.

The shape of the power spectrum (fig.2) is determined by the oscillations in the hot gas of
the early universe, instead the information about the composition of the universe and therefore
about all the density parameters is locked by the angular peaks of these oscillations. For instance,
the position of the first peak gives us the value of the curvature of the universe, while the ratio
of heights between the first and second peaks tells us how much of the matter is baryonic. [9]

The most recent analysis was released by the Planck collaboration in 2018 [8] and based on
the assumption of a ΛCDM cosmology3, inferred Ωm = 0.321 � 0.013, Ω� = 0.6847 � 0.0073

and Ωk = 0.0007� 0.00194. These results fit well with the cosmological model of a spatially flat
universe undergoing positive acceleration.

The Cosmic Concordance: Lastly it is worth to briefly discuss the research paper resulted
from the joint efforts of J. P. Ostriker and P.J. Steinhardt published in 1995. [10] This work was
the first in chronological order to show the consistency of a cosmological model characterized by
an accelerating universe.

3the “standard model” of Big Bang cosmology which assumes three majors components of the universe: matter
(byronic and cold dark matter); radiation and the cosmological constant �. Please refer to sec.1.2 for a precise
description of � and its correlation to an accelerating universe.

4Recall that 
k represents the density parameter of the spatial curvature of the universe, if 
k > 0 the universe
is closed, if 
k < 0 is open and finally, such as in our case, if 
k = 0 the universe is flat.
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1. INTRODUCTION

Their approach was completely different from the ones described above. Indeed, they did
not make a prediction based upon the single measurement of an experiment, instead, they took
the best known astronomical constraints on several cosmological parameters (the matter density
Ωm, the Hubble parameter H0 and the age of the universe t0) and combined them to map out a
range of models consistent to all of them.

Figure 3: The range of models in concordance with the best known astronomical observations. The entire darkly
shaded region (with and without vertical stripes) is the concordance domain for flat models with 
m + 
� = 1;
the vertically striped subregion alone applies to open models with 
� = 0. The square indicates a central,
representative flat model with h = 0:7, 
m = 0:35 and 
� = 0:65. Credit: [10]

The plot in fig.3 is a map of all the permitted parameter space in the (Ωm,h) plane5. The
evidence provided constrains the value of Ωm to (0.21 � 0.12)h�1 and it mainly comes from X-
ray measurements of gas masses combined with estimates of their total viral mass [11] and light
element nucleosynteshis. In regard to the Hubble parameter, the evidence comes from direct
observations with the Hubble Space Telescope (H0 = 82 � 17 km s�1Mpc�1) [12] and studies
using Type I supernovae (H0 = 67� 7 km s�1Mpc�1) [13].

Two lower bounds on the age of the Universe (given in billion years) are also considered and are
based on re-evaluations of the ages of the oldest clusters using two different methods: the main-
sequence turn off (t0 = 15.8�2.1) [14] and the giant-branch fitting (t0 = 13.5�2.0) [15]. Finally,
the density of the cosmological constant Ω� is considered to be < 0.75, this constraint comes
from various tests as described in [16] and most directly by gravitational lensing measurements
on quasars.

The range of concordance with all the mentioned observations is represented by the darkly
shaded region. This entire section is consistent with flat models with Ω� > 0, meanwhile the
smaller sub region underlined with vertical stripes is consistent with open models with Ω� >

0. The most interesting aspect of this map is the square inside the concordance region which
indicates a central, representative flat model with Ωm = 0.35 and Ω� = 0.65. [10]

5It is important to emphasize that h is simply defined as the dimensionless Hubble parameter such that
H0 = h� 100 km s�1Mpc�1
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1. INTRODUCTION

This research was the �rst one to suggest the strong possibility of a �at universe dominated

by the cosmological constant and therefore positively accelerating6, consistent with all the obser-

vations. Their method of combining di�erent independent measurements to obtain constraints

on certain parameters now constitutes an essential feature for any cosmological search.

1.2 Dark Energy Candidates

The main implication from our discussion above is that the universe is dominated by some

form of dark energy gravitationally self-repulsive which is causing the expansion universe to

accelerate. The main distinctive feature of dark energy is that its characteristic pressurepDE

needs to be less than� 1
3 � DE such that wDE < � 1

3 and acceleration is ensured.7. The are

therefore simply two logical candidates for dark energy: a constant and homogeneous vacuum

energy equivalent to the cosmological constant� and a time-evolving, spatially inhomogeneous

component of which many examples can be constructed and that all go under the name of

quintessence (Q).

The Cosmological Constant � was a term with negative pressure at �rst introduced by

Einstein in its �eld equations with a value precisely �ne-tuned to counteract and balance the

attractive action of gravity and ensure a static model of the universe. Today, with � , one

simply refers to the energy of empty space whose self-repulsive action is causing the universe to

accelerate. Its main feature is that is characterized byw� = � 1 and is thus uniquely de�ned by

its magnitude � . [17] Finally � di�ers from Einstein's original concept in the sense that it is not

precisely �ne-tuned to balance the gravitational attractive action but it must be overabundant

to cause the expansion of the universe to accelerate. [17]

Quintessence Q represents the second logical class of candidate which is a dynamical, evolving

and spatially inhomogeneous component with negative pressure. [18] Most models predict an

equation of state � 1 < w � 0 since this range �ts current cosmological observations best, in

comparison to � which has exactly w = � 1. Generally the smaller the value ofw the larger its

e�ect on the acceleration of the universe. It is important to notice that in the case ofQ the energy

density and pressure might evolve in time and consequently be inhomogeneous in space such that

the resulting w may not be constant as well. [17] A common model of quintessence is the energy

density associated with a scalar �eld� slowly rolling down a potential V (�) . Assuming that the

scalar �eld couples with other matter only gravitationally, one can derive the energy momentum

tensor T�� as given in eq.28, from which it follows thatw(�) is equal to:

w(�) =
p
�

=
1
2

_� 2 � V (�)
1
2

_� 2 + V(�)
(1)

6 It can be shown by solving the Friedman equations that if one considers a �at universe ( 
 k = 0 ) with 
 � > 
 i

for all the other i components, •a > 0.
7as shown in Appendix .A the condition for an accelerating universe is w < � 1

3
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2. IMPLICATIONS OF •A > 0 IN STRING THEORY

The motivation for considering a quintessential model for dark energy relates to its dynamic

nature which allows for a lot of potentially interesting implications which could be experimentally

checked and gives us some insight about fundamental physics and the overall history of the

universe. [18]

2 Implications of •a > 0 in String Theory

In section 1.1 I have presented compelling evidence that shows that the present universe is

dominated by some form of dark energy which is causing the universe to accelerate its expansion.

Given the mounting evidence for the current cosmic acceleration, when considering any proposed

theory of the universe, it becomes crucial to investigate what are the implications and criteria

that such theory needs to satisfy in order to allow for an accelerating universe in the present day

without violating any of the fundamental assumptions from which the theory itself was derived.

2.1 String theory: Vacuum states, the String Landscape and the Swampland

String theory can be considered as the most structured attempt of a theory of �everything�.

String theory was at �rst introduced in the attempt to develop a theory of quantum gravity and

it constitutes a theoretical framework where point-like particles are replaced by vibrating strings,

in order to eliminate the singularity problem. [19] There are many forms of String theory, all of

which require the introduction of extra-dimensions in order to be mathematically consistent.

An important consequence of String theory is the so called �Landscape� which refers to the

vast collection of all possible choices for the parameters of compacti�ed models consistent with

a quantum theory of gravity. [20] The Landscape is also referred as the collection of all possible

vacua. A vacuum state in quantum �eld theory is de�ned as the state with the lowest possible

energy. A true vacuum is a global minimum of the energy, and is therefore stable. On the

other hand, a false vacuum corresponds to a local minimum of the energy and is therefore not

stable since, according to the rules of quantum mechanics, it could tunnel to lower energy states.

That said, the barrier to entering the true vacuum may perhaps be so high that it has not yet

been overcome anywhere in the universe, making the false vacuum con�guration long lived and

somewhat stable. [21]

The string vacuum constructions appear to be incredibly vast and this leads to a picture

where basically any e�ective �eld theory which looks at least semi-classically consistent can arise

in string theory. That said if any consistent looking e�ective �eld theory is actually consistent,

one could invert the problem and instead of trying to construct string vacua using complicated

geometries with extra dimensions, one could simply consider an e�ective �eld that looks con-

sistent and matches the experimental observations. [22] However, most choices actually won't

work as not all consistent looking e�ective �eld theories are actually consistent. In [22] C. Vafa

argues that the consistent looking e�ective quantum �eld theories coupled to gravity, which

are inconsistent with a quantum theory of gravity are even more vast and form the so called
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2. IMPLICATIONS OF •A > 0 IN STRING THEORY

�Swampland�.

2.2 On the Cosmological Implications of the String Swampland

Based on the Swampland picture of string theory, in [1] P. Agrawal, G. Obied, P. J. Steinhardt

and C. Vafa developed two Swampland criteria and studied their implications for an accelerating

universe, showing a strong tension when considering models with a cosmological constant and

imposing tight constraints on the possible quintessence models.

The �rst criterion imposes a bound on the the range transversed by scalar �elds in �eld space

since as we go further a large distanced, we basically reach another point in the landscape where

a tower of light modes appears and invalidates the e�ective Lagrangian of the �eld (eq.2). The

bound is such that � � O(1) in reduced Planck units. [23]

L =
p

� g
h1

2
R �

1
2

g�� @� � i @� � j Gij (� ) � V (� ) + :::
i

(2)

The second criterion imposes a lower bound onr � V
V > c � O(1) in reduced Planck units in any

consistent theory of gravity where V > 0. This bound is motivated by the observed di�culty

to construct any reliable de Sitter Vacua (a stable vacuum energy with positive energy density)

and by experience with string constructions of scalar potentials. [24] By solving the equation of

motion based on the action of the form shown in eq.2, in the slow roll limit8 one obtains that:

1
3

r � V
V

� (1 + w) (3)

where w is the respective equation of state parameter of the �eld.

These two criteria combined impose tight constraints on the parameters that govern periods

of cosmic acceleration. In particular they can be applied also to test the in�ationary model which

proposes a period of exponential expansion in the early universe in order to solve the horizon9

and �atness10 problem. [15] However, it is easier to verify the Swampland conjectures in a regime

that is more testable, namely the present period of acceleration due to dark energy.

In this regard, the second Swampland criterion already excludes the possibility that the

current acceleration is the result of a positive cosmological constant since, according to eq.3 for

w = � 1, r � V
V = 0 which violates the bound of criterion 2 for which r � V

V > c . The only possible

solution is therefore given by quintessence models which if accurately tuned can satisfy both

criteria. [18]

8The slow-roll approximation implies both 1
2

_� 2 n V (� ) and •� n 3H _� . [25]
9The Horizon problem arises from the di�culty to explain the homogeneity of the universe at large scales with

the fact that the initial universe consisted of at least � 1083 regions which are causally disconnected, in other

words regions that had not yet the time to communicate since light had still not been able to travel the distance

within them. [15]
10 As I explained earlier, the �rst angular peak of the power spectrum of the CMB provides the value of the

curvature of the universe and, as con�rmed by the last analysis of Planck 2018 is constrained to a very high

con�dence to 
 k = 0 which implies a perfectly �at universe. The �atness problem, at �rst exposed by Dicke and

Peebles, refers to the extreme instability of such a result. [26]
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2. IMPLICATIONS OF •A > 0 IN STRING THEORY

To test the bounds imposed by the two Swampland criteria is su�ciently accurate to consider

the special case of a canonically normalized �eld� with an exponential potential of the form:

V (� ) = V0e�� (4)

for � = cost and with initial conditions given by the current constraints on 
 � (z) and w� (z)

from supernovae (SNeIa), cosmic microwave background (CMB) and baryon acoustic oscillation

(BAO) measurements. [27]

Figure 4: The black curve shows the current observational 2� bound on w(z) for 0 < z < 1 based on SNeIa,

CMB and BAO data. [27] This is compared with the predicted w� (z) for exponential quintessence potentials with

di�erent values of constant � under the constraint that 
 � (z = 0) = 0 :7 and assuming 
 � (z) becomes negligible

at z > 1. From the plot, it is clear that the upper bound on � � 0:6 (blue curve). Credit: [1]

Fig.4 compares the predictions ofw� (z) for di�erent values of � with the current 2� upper

bounds onw� (z) for 0 < z < 1. [27] This comparison shows that the upper bound on� is 0.6

and therefore somewhat less than unity. [1] This constraint translates into a universal upper

bound on c since the case for constant� (� ) = c corresponds to the least constrained trajectory.

A detailed proof of this statement goes beyond the scope of this paper, so for the interesting

reader I suggest to refer to [1]. As shown in �g.4, for constant� a trajectory is ruled out if c is

bigger than 0.6. From here, it follows that every possible� (� ) is ruled out if c is bigger than 0.6,

leading to the universal boundc / 0:6. [1]

The Swampland criteria also have implications for the possible futures of our universe given

the current observational constraints on 
 � (z) and w� (z) and the evolution of � (� ). [1] In all

the possible cases, it can be shown that the universe will undergo a phase transition within a

few Hubble times at time tend < [ 3�
2c
 � ]H0

� 1. [1] At this time tend, a new epoch for the universe

will begin which may cause the production/appearance of a tower of light states and/or the

transition from accelerated expansion to contraction.
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3. OXIDISED COSMIC ACCELERATION

3 Oxidised cosmic acceleration

The work of Steinhardt and Wesley as described in [2] [3] [28] received recent attention in the

debate between the Landscape and Swampland pictures of string theory. Indeed by following a

completely di�erent approach, D. Wesley and P. Steinhardt developed a series of no-go theorems

for constructing �at four-dimensional accelerating universes in theories with extra dimensions

which have similar consequences with respect to the nature of dark energy and the fate of the

universe. Speci�cally they also excluded the possibility of a universe dominated by a cosmological

constant � , in favor of a quintessence model with time-varyingwDE .

Their conclusions were reached based on a set of assumptions that apply to a wide range

of compacti�ed models, including String theory. The key observation of these theorems is that

the accelerated expansion of the large three spatial dimensions causes the compacti�ed extra-

dimensions to vary with time in such a way that it can become very di�cult to keep them

compact.

In this paper, I use the same approach of D. Wesley and P. Steinhardt to study di�erent

models of the universe givenwDE = w� as predicted in [1] for� = 0 :5;0:6;07.

In the following sections I will describe the main assumptions made and the general method

used in this work; I will also introduce the main no-go theorems from the analysis done by D.

Wesley and P.Steinhardt which will be useful for the purpose of this paper.

3.1 Methods and Assumptions

The no go theorems for accommodating cosmic acceleration in models with extra dimensions

are based on a set of assumptions which are generally satis�ed by many compacti�ed theories

with extra-dimensions and which will also constitute the base of my analysis.

1. The GR condition: both the higher dimensional theory and the 4d-theory are described by

Einsten-Hilbert action up to small corrections which are regarded to be negligible.

2. The Flatness condition: the 4d-theory is spatially �at. This assumption is motivated by the

cosmological observations. The current most updated constraints established the �atness

of the spatial hypersurfaces at the5 � 10� 3 level with 
 K = 0 :0007� 0:0019[8]

3. Boundedness condition: the extra-dimensions are bounded.

4. The metric condition: the metric of the higher dimensional theory is either Ricci-�at (RF)

or Conformally Ricci-�at (CRF):

ds2 = e2
( t;y )gFRW
�� (t; x )dx� dx� + e� 2
( t;y )hRF

�� (t; y)dy� dy� (5)

where gFRW
�� is the �at Friedmann-Robertson Walker metric taken to be:

gFRW
�� = � N(t)2dt2 + A(t)2� mndxm dxn ; (6)
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3. OXIDISED COSMIC ACCELERATION

Here, � , � are the indices along the 4 large dimensions with coordinatesx � and � ,� the

indices along the k compact extra dimensions with coordinatesy� . Finally the extra

dimensional metric h�� is chosen to have �nishing Ricci scalar with warp factor
 either

constant (RF) or time and spatial dependent (CRF).

5. The NEC condition: matter in both 4d and in the k extra dimensions satis�es the Null

Energy condition (NEC) which states that:

TMN nM nN � 0 (7)

for any null vector nM at a least one space-time point whereTMN is the stress energy

tensor.

Condition n.3 mainly excludes volume-preserving transformations of a certain type and en-

sures that the curvature and warp term 
 have �nite integrals over the compact direction which

is needed to demonstrate some of the theorems. [3] Condition n.4 is motivated by common con-

structions in the literature. In particular for the no-go theorems that I will describe below we

will use the CRF metric which occurs in many string theory models. [28] Finally condition n.5

is motivated by the fact that the NEC condition is not violated by any known matter �eld and

usually its violation is a sign of a pathology in the theory. Indeed NEC violation is proven to

lead to superluminal propagation, instabilities, problems with gravitational thermodynamics and

exotic objects such as time machines and traversable wormholes. [3]

For a perfect �uid in four dimensions, the NEC requires� + p � 0. This can be extended also

to the extra dimensions by de�ning p3 = 
 ��
3 T�� , pk = 
 ��

k T�� and � as the 0-0 component of

the higher dimensional energy-momentum tensorTMN where 
 3;k are respectively the3 � 3 and

k � k blocks of the higher dimensional space-time metric. In this scenario, for identifying cases

where the NEC must be violatedLemma 1 states:

Lemma 1 : if � + p3 < 0 or � + pk < 0 for any space-time point then the NEC is violated.

Clearly if the average of � + p over a certain regionM is negative there will at least one

space-time point insideM with � + p < 0 and thus the NEC is violated. This simple argument

shows the importance of averaging overM as a useful tool to prove NEC violation and formulate

no-go theorems for accommodating an accelerating universe. Speci�cally in [3] D. Wesley de�nes

a speci�c one-parameter family of averages onM . Given a function Q(t; y) and a parameter A,

hQi A is de�ned as:

hQi A =
� Z

QeA
 p
gdky

�
=
� Z

eA
 p
gdky

�
; (8)

In short, hQi A is a weighted average ofQ(t; y) over the extra dimensions with weight factor

eA
 . Using the fact that the weight function in the A-average is positive de�nite, it follows

another lemma for identifying cases where the NEC condition must be violated.

Lemma 2 : If h� + p3i A < 0 or h� + pk i A < 0 for any A and any space-time point then the

NEC is violated.
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3. OXIDISED COSMIC ACCELERATION

The no-go theorems arise from the solution of the Einstein's equations of motion of the higher

dimensional theory after dimensional reduction. Following the convention used in [3], the time

evolution of the higher-dimensional metrich�� is expressed in terms of its trace component�

and its traceless, shear component� �� .

1
2

dh��

dt
=

1
k

�h �� + � �� (9)

where both � and � �� are functions of t and y. The variable � basically determines the local

expansion rate of the extra-dimensional space. Thus one can de�ne the variable:� A as

� A =
1
H

Z
eA
 �

p
hdky (10)

where H is the four-dimensional Hubble parameter and� A represents the fractional growth of

the extra-dimensional volume per Hubble time, using an A-dependent measure. [28] As explained

in [28], for A = 2 eq.10 coincides with the volume measure that determines the four-dimensional

Plank mass in warped compacti�cations and hence� relates to the variation of G by:

_G
G

= � H� (11)

This relationship is very important because it states that if � is non zero then the volume of

the extra dimensions changes with time causing also a change in the 4-dimensional gravitational

constant G.

To obtain the Einstein's equations for the higher-dimensional theory, I express them, for con-

venience, in terms of the four-dimensional Einstein frame quantities using the following relation

for the 4d e�ective scale factora:

a(t) = e� � A(t) (12)

where

e� � = l � k
Z

e2
 p
gdky (13)

and l is the 4+k-dimensional Planck length. e� � can be thought as a measure of the volume of

the compact space measured in 4+k-dimensional Planck lengths. Then, by solving the Einstein

equations, one obtains:

e� � he2
 (� + p3)i = ( � 4d + p4d) �
k + 2

2k
h� i 2

A �
k + 2

2k
h(� � h � i A )2i A � h � 2i A (14)

e� � he2
 (� + pk )i =
1
2

(� 4d + p4d) + 2
� A

4
� 1

� k + 2
2k

h(� � h � i A )2i A

�
k + 2

2k
h� i 2

A � h � 2i A

+
h

� 5 +
10
k

+ k + A
�

� 3 +
6
k

�i
he2
 (@
) 2i A

+
2 + k

2k
1
a3

d
dt

(a3h� i A )

(15)
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3. OXIDISED COSMIC ACCELERATION

The necessary calculations to obtain eq.13; 14; 15 go beyond the scope of this paper and are

describe in detail in [3].

Based on Lemma.2, The NEC condition is violated if the right side of either eq.14 or 15 is

less than zero.

The power ofA-averaging comes into place now. In fact, by an accurate choice ofA, one can

make all the components that explicitly depend onA in both eq.14,15 non positive. Speci�cally,

assuming3 � k � 13, this freedom is allowed forA in the following range:

10� 5k + k2

3(k � 2)
� A � 4 (16)

For such choices ofA eq.14; 15 can be rewritten in the simpli�ed form:

e� � he2
 (� + p3)i = � 4d(1 + w) �
k + 2

2k
h� i 2

A + non positive terms for all A (17)

e� � he2
 (� + pk )i =
1
2

� 4d(1 + 3w) +
2 + k

2k
1
a3

d
dt

(a3h� i A )+

non positive terms for some A
(18)

Where I used the fact that w is de�ned as the ratio between� 4d and p4d. In the discussion below,

unless stated, I will always assumeA to be in the allowed range of eq.16.

3.2 No-go Theorems for models that satisfy the NEC

As stated above, in order for a model to satisfy the NEC condition both eq.17 and 18 need

to be non-negative. The �rst interesting case to analyze is that of the� CDM model where the

dark energy is viewed as a cosmological constant withw� = � 1.

For w = � 1, the �rst term of eq.17 is equal zero and the other two are non-positive. On

the other hand, for w = � 1 the �rst term of eq.18 is strictly negative and the last term is non-

positive. Therefore to satisfy the NEC, both the second and third term of eq.17 need to be equal

to 0 and the second and third of eq.18 to be respectively positive and 0. However, these two

conditions cannot be satis�ed simultaneously. Indeed, for the second term of eq.18 to be positive

it requires � and/or its time derivative to be non-zero which is incompatible with keeping the

middle term of eq.17 equal to zero. From here, it follows thatw must be strictly greater than

� 1. It can be further shown that even for the case withw > � 1 but close to � 1, it is hard

to always obey the NEC condition. In particular in [2], Wesley and Steinhardt show that there

exists awtransient between� 1
3 and � 1 such that w can remain in this interval only for a limited

amount a time.

Indeed, for suchw < w transient , to avoid the NEC violation in both eq.17 and 18 one needs

both � close to zero andd�
dt large, which is a condition that can only be maintained for a short

period.

This analysis suggests the necessity of a dynamic form of dark energy with non constantw to

ensure that the NEC condition is never violated. In fact, to reachw < w transient in the �rst place,

13



3. OXIDISED COSMIC ACCELERATION

wDE has to be less thanwtransient ; then, in order to avoid NEC violation, w needs to become

larger than wtransient which is only possible ifwDE itself increases abovewtransient . [2]

Another interesting case to analyze is given byA = 2 . Indeed, for such choice ofA, the

change in the four-dimensional Newton's constant is directly related to� through eq.10 and 11.

Therefore, the NEC inequalities given by eq.15 and 17 can be rewritten in terms of the fractional

growth of the extra-dimensional volume per Hubble time� such that:

� 2 �
9(1 + w)

2
(19)

d�
dN

� � 2 +
3(w � 1)

2
� �

9(1 + 3w)
4

(20)

Where N = ln( a) and a is the Einstein frame scale factor. To be more speci�c,k was chosen

to be equal to6 which corresponds to the number of extra-dimensions of String Theory. It is also

important to notice that to obtain eq.20 and 19 both h� i A and he2
 (@
) 2i A were set to zero.

This choice was done to obtain a solution which allows the NEC condition to be satis�ed for the

largest period. [3] Indeed, given this choice ofA, those terms are both non-positive and thus by

setting them to zero, one allows the inequalities to be satis�ed the longest. [29]

Eq.20 and 19 both strictly depend onw and as proven in detail in [28] to di�erent ranges

of w correspond di�erent behaviours of � and consequently of the variation ofG. The more

interesting results from this analysis are listed below:

� A solution with constant Gravitational constant ( � = 0 ; d�
da = 0 ) is only possible forw � � 1

3

� A steadily accelerating solution (� = cost;d�
da = 0 ) is only possible for w � wtrans where

wtrans = � 5 + 2
p

5.

� if w < w trans the right-hand side of eq.20 is positive de�nite8� , so � must increase with

time. Therefore, after a �nite period, respectively the right side of eq.20 and the left side of

eq.19 will become so large that they will violate the NEC condition encapsulated in these

equations.

3.3 Constraints on time-variation of G for wDE = cost = � 0:8

The inequalities 20;.19 are the results of combining the higher-dimensional Einstein equations

with the NEC condition. Since they are inequalities, they can be used to determine the range of

possible� (a) trajectories and consequently the range of allowed variation of G that satisfy the

energy condition. In particular from each � -curve one can obtain the value of the instantaneous

variation of G (
_G

G

�
�
�
today

) and of the secular variation of G (GBBN
G ) according to the following

equations:
_G

G

�
�
�
today

= � H0

h
� (1) � 10� 12

i
yr � 1

GBBN

G
=

Z 1

aBBN

1
a

� (a)da
(21)
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3. OXIDISED COSMIC ACCELERATION

Where H0 is taken to be 72. The �rst condition on � is given by eq.19 and it imposes that

� must remain in the region between the two outer curves equal to�
p

F where F = 9(1+ w)
2 .

To impose the constraints derived from the di�erential inequality eq.20, it su�ces to consider �

trajectories that saturate the inequality for di�erent initial conditions (ICs) on � . [28] Wesley and

Steinhardt considered the� trajectories bounded by� � . � � is de�ned as the solution obtained by

saturating eq.20 using the most negative initial value for� at the beginning of the accelerating

epoch (a0 � 0:6) allowed by 19. � + is obtained in the same way, but uses the largest possible

initial value for � such that it does not cross over
p

F by a=2.

Figure 5: The constraints on � imposed by the NEC-inequalities 19 and 20 for a �at matter-quintessence model

with 
 0
DE = 0 :74 and wDE = � 0:8. The upper and lower curves are the limits �

p
F obtained from 19. All

� (a) trajectories which are compatible with NEC must lie within the central band bounded by � � computed as

explained in this section. Credit: [28]

Their results are shown in �g.5 and suggest that the universe will undergo a transition

phase within 2 Hubble times when the range of allowed� trajectories will cross the
p

F curve,

violating the NEC condition. The entire range of � trajectories is also essentially consistent with

the experimental limits cited in [28] which I report below, at roughly 3� .

_G
G

�
�
�
today

= (0 � 5) � 10� 12yr � 1

GBBN

G
= 1 +0 :20

� 0:16

(22)

That said, it is important to emphasize the set of assumptions that were made in this analysis

to explain how my approach will di�er and results in a di�erent strategy to �nd a set of allowed

� trajectories:

1. It is assumed that for w > � 1
3 , � trajectories could be driven incredibly fast to zero, in

such a way that the secular change inG was computed only during the period of cosmic

acceleration.(for a0 � a � 1)

2. wDE is taken to be constant and equal to� 0:8 with 
 0
DE = 0 :74.
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3. OXIDISED COSMIC ACCELERATION

3.4 Constraints on time-variation of G for �stringy� wDE = w� (a)

In the analysis I performed, I dropped both assumptions 1 and 2. Indeed, there is no reason

to assume thatG can only change during the period of cosmic acceleration and as I will show in

the next �gures if not perfectly tuned the � trajectories tend to assume either very large or very

small values asa < a 0
11. Secondly, I will consider models withwDE as predicted by the analysis

in [1] for exponential quintessence potentials which respect the observational constraints on
 0
DE

and wDE . As clearly shown in �g.4, the upper bound on� = 0 :6,however in this discussion I will

initially also consider models with � = 0 :5; 0:7 to show how the� trajectories and the consequent

costraints on the variation of G change according to� .

In �g.9 I plotted the �
p

F curves of the di�erent time-changing wDE for � = 0 :5;0:6;0:7 in

comparison to the model of constantwDE used by Wesley and Steinhardt in [28].

Generally, the �
p

F curves shrink more �rmly for a > 1 in the case of a time-changing

wDE . Speci�cally the smaller the value of � the larger is the shrinking. The �
p

F are uniquely

determined by w which for the case of a matter-quintessence dominated universe is determined

as explained in app.A.4. The resultingw(a) curves for all the di�erent models considered are

plotted in �g.8.

Finally, in this analysis, I will also use the most updated value for the constraint on
_G

G

�
�
�
today

from improvements in the ephemeris of Mars together with improved data and modeling of the

e�ects of the asteroid belt. [30] The new constraint improves from the previous one used in [28]

by roughly 2 orders of magnitude such that:

_G
G

�
�
�
NEW

today
= (0 :014� 0:2)H0 � 10� 14yr � 1 = (0 :0947� 1:35) � 10� 13yr � 1 (23)

where in this analysisH0 is taken to be67:66 [8] according to the latest results published by the

Planck mission.

To explore all the � trajectories consistent with both constraints on the variation of G I will

simply solve the saturated inequality 20 for di�erent ICs for � s, which can be arranged in two

separated classes:

1. De�ne � � 3� , given by imposing ICs at a = 1 such that

� � 3� (1) = � (0:00014� 3� ) (24)

where� = 0 :002in order to obtain all the � trajectories bounded by the updated constraint

on the instantaneous change inG at 3� .

2. De�ne a set of � trajectories with ICs � (a0) = 0 for increasing values ofa0 from 0:09 up

to 0:6, in the attempt to obtain all the � trajectories bounded by the constraint on the

secular change inG at 3� .
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